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The STRUCTURE of
BELARUSIAN MATHEMATICAL OLYMPIADS

The olympiad is divided into four rounds:

1% — school round (October)

2™ _ district round (November) .
3% _ regional round and Minsk Mathematical Olymp1ad (January)
4™ _ final round (Match — ApriD)

The third and fourth rounds take two days
(usually 4 problems for 4 hours)

All participants are divided into four categories in accordance with the forms they
study at:

Category A — 11 form (16 — 17 years)
Category B — 10 form (15 — 16 years)
Category C— 9 form (14 — 15 years)
Category D ~ 8 form (13 — 14 years)

The 50" Belarusian Mathematical Olympiad was prepared by
Dr. E.Barabanov, Dr. V. Kaskevich, Dr. 8. Mazanik, Dr. I Voronovich, Dr. 1 Zhuk

Selection and Training session to prepare Belarusian Team for 41" IMO was
held at the Belarusian State University in several stages {April — June) with
LVoronovich, S.Mazanikand V. Kaskevich as Belarusian team's coaches.

The following stuclents were selected to represent Belarusian Team in 41 " IMO:
Yury Hrushetski, Dzmitry Doryn, Aliaksandr Kirkouski,
Artsiom Kokhan, Siarhei Markouski, Alexandr Usnich

This booklst was prepared by S.Mazanik and I Voronovich. The issue was
finaneially supported by Ministry of Education of Republic Belarus and Belarusian
association «Konkurs:,




PROBLEMS:
FINAL ROUND

Category D

First Day

1. Find all pairs of integer numbers (z,y) satisfying the e'quality

dzy —x — 2y =8. .
(U. Menski)

2. Points M and K are marked on the sides BC and C.D of the square
ABCD, respectively. Let P be the intersection point of the segments M D
and BK.

Prove that AP and MK are perpendicular if MC = KD.

(S.Mazanik)
3. The roots of the quadratic equation
az? —dbz +4c =0, a>0,

are on the segment [2; 3].
Prove that
a)a<h<e<a+th

b) LI b 5
at+c b+a  ctd | (8.Mazanik)

4. There is an 8 x 8 square board divided with lines parallel to its sides
] into 64 smaller congruent 1 x 1 squares. The cross-shaped
[ | tiles (seé the fig.) are placed on the board such that the
L borders of the tiles pass along the sides of the squares and
the tiles overlap neither each other nor the edges of the board.
Determine the largest possible number of the tiles that can be placed on
the board.

(I. Zhuk, V. Kaskevich)



Second Day

5. In the final round of the mathematical olympiad Problem 5 of category
D was worth 4 points. After the olympiad was over it turned out that the
number of students scoring 3 points on this problem was equal to the number
of students scoring 2 points. Each student scored at least 1 point for this
problem.
Determine the number of the students scoring at least 3 points on Problem
5, if the total number of the points for this problem are 30 greater than the
number of the participants of category D.
(V.Kaskevich)

6. Let f(z)={z} + {—i—} , Where {z} is the fractional part of z.

a) Prove that f(z) <1,5 for z > 0 and f(z) < 2 for z < 0.
b) Prove that for any positive integer n there exists zy such that

f(xg) > 2 -:-I
(LGorodnin)

7. Points By and Cy are marked on the side AB of a triangle ABC
(BC < AC < AB) such that AC, = AC, BB, = BC. Point B; is marked
on AC such that CBy = OB, and Cy is marked on the extension of the side
CB (B lies between C and ) such that CCy = CA.

Prove that the lines C|Cy and By By are parallel.

(L. Voronovich)

8. Seven points are marked on a plane, no three of them lie on the same
straight live. Any two points are connected with a segment.
Is it possible to color these segments by some colors so that there are
exactly three segments of any color, all three forming a triangle with vertices
“at the.marked points ? = v
e . (U.Mische)



Category C
First Day

1..Find all pairs of integer numbers (z,y) satisfying the equality
y(z® + 36) + z(y* — 36) + ¢’ (y — 12) = 0.
‘ (I Voronovich, S.1 \Iaza.mk)

2. Let F be the intersection point of the altitude CD and the bisector
AE of the right-angled triangle ABC (£ C = 90%). Let G be the intersection
point of ED and BF.

“Prove that the area of the quadrﬂateral CEGF i equal to the area’ of
the trlangle BDG. '

(I Zhuk)

3. Set S consists of k sequences each having the length n with terms
from the set {0, 1, 2}. For any two of the sequences {a;),.(b;) from S one
can construct the sequence (¢;) such that ‘

a;+ b+ 1 .
CiI['—Q_—Z{, 'L:l,ﬁ-.,ﬂ-,
([z] is the greatest integer not exceeding x) and include this sequence into
the set S, and so on. It is known that from initial set .S one can obtain the
set with 3" different sequences. (T'wo sequences are different if they differ.
in at least one term.)
Find the smallest possible value of k.
(P. Lukianenko}

4. There is an 9 x 9 square board divided with lines parallel to its sides
[ into 81 smaller congruent 1 x 1 squares. The cross-shaped
[ | tiles (see the fig.) are placed on the board such that the
E borders of the tiles pass along the sides of the squares and
the tiles overlap neither each other nor the edges of the board.
Determine the largest possible number of the tiles that can be placed on
the board.

(L. Zhuk, E. Barabanov, V. Kaskevich)



Second Day

5. Determine the total number of pairs of positive integers (p,q) such
that the roots of the equation z?2 — pz — g = 0 are not exceed 10.
(M.Naumik)

6. The equilateral triangles A ABF and A CAG are constructed externally
on the hypotenuse AB and the leg CA of the right triangle ABC. Let M
be the midpoint of BC.

Find the length of BC if MF =11 and MG =T1.

(I.Voronovich)

7. Tom and Jerry play the following game. They, in turn (Tom is the
first), put pawns into cells of 20 x 20 square board. Per move it is allowed
to put the pawn into the empty cell. The player wins if after his move some
four pawns are the vertices of a rectangle with sides parallel to the sides of
the board.

Who of the players wins if both of them play to win ?

(V Kaskevich)

8. Given that the numbers a, b, ¢, d satisfy the equation

Splytycpced dia a e b d e b,
b a ¢ b d ¢ a'd ¢ 'a d b b ac

prove that at least two of them are equal.

(V.Kaskevich)



Category B
First Doy

1. Find the locus of points M on the Carteszaxl pl&ne O:cy such that the

tangents from M to the parabola ¥ = z? are perpendicular.
(1. Gorodnm-)

2. Find all pairs of positive integer numbers (m, n) satisfying the equality

(m — '.-._v.)z('rz2 —m)= 4m?n. )
(L. Voronovich)

3. Let M be the intersection point of the diagonals AC and, BD of
a convex quadrilateral ABCD. Let K be the intersection point of the
extension of the side BA over A and the bisector of the angle ACD.

EMA - MC+MA-CD=MB-MD, prove that L BKC = L CDB.

(S. Shikh)

4. An equilateral triangle of side n-is divided into n? equilateral triangles
of side 1 by lines parallel to the sides of the triangle. Each point that is
a vertex of at least one of these unit triangles is labelled with a number;
exactly one of these points is labelled with —1, all the others with 1’s. Per
move one can choose a line passing through the side of-one of the small
iriangle and change the signs of numbers for all labelled points on this line.

Determine all possible q1tuatmns (the value of n and the position
of —1} for which onc can obtain the arrangement with all 1's from the
initial arrangement using the described operations.

(1. Zhuk)



Second Day

5. Tom and Jerry play the following game. They, in turn (Tom is the
first), put pawns into cells of 25 x 25 square board. Per move it is allowed
to put the pawn into the empty cell. The player wins if after his move some
four pawns are the vertices of a rectangle with sides parallel to the sides of
the board.

Who of the players Wms if both of them play to win ?

(V.Kaskevich)

6. A rectangle ABCD and a point X are on a plane.
a) Prove that one can choose from the segments X4, XB, X C XD
some three which are the sides of a triangle.
b) Is the previous statement true, if ABCD is a parallelogram ?

(I.Voronovich)

7. Find all positive integers o and b satisfying the equality @) = b,
(LVoronovich)

8. The set R of non-zero vectors on a plane is called concordant, if it
satisfies the following condn:mns A
1) for any vectors @ and b (may be, equal) of R the vector S; (&) which is
symmetric to a with respect of the straight line [, / L b belongs to £;
2) for any &, b € R there emsts some integer k = (a, b} such that & —
~5(@) =k .

a)Prowthatforanya be R i u’b & £ b, either 3—b € R, or @-+5 € R.

b*) Does there exist an infinite concordant set ? Find the largest possible
value of non-zero vectors iri'a fi:mte concordant set.

' (A.Mirotin, E.Barabanov)



Category A
First Day

1. Pit and Bill play the following game. At the beginning, Pit writes on
the blackboard a number a, then Bill writes a number b, and then Pit writes
a number c. Can Pit choose his numbers in such & way that the following
three equations

m3+ar2+bw+c=0,
m3'—,l_— bt 4 ez +a =0,
23 +cx’+ar +b=0

have
a) a commeon real root 7
b) a commeon negative root ?

(S.Sobolevski)

2. How many pairs (n,‘q) éatisfy the equality

2 ”_’}
= {2000
with n positive integer, ¢ noninteger rational number, § < g < 20007
(S.Shikh)

3. There is a sequence ey, e, ...,eN’, e € {—-1,:1}',‘11 =1,2,..,N, N >5.
Per move one can choose any five consecutive terms and change the signs of
chosen numbers. Two sequences are said to be similor if one of them can be
obtained from the other with a finite number of the described operations.

Find the maximal number of the sequences no two of which are similar

to cach other.
(E. Barabanov)

4. A line ! intersects lateral sides and diagonals of a trapezoid. It is
known that the segment of | between the lateral sides is divided by the
diagonals into three equal parts.

Does it follow that the line [ is parallel to the bases of the trapezoid ?

(E. Barabanov)



Second Day

5. Nine points are marked on a plane, no three of them lic on the same
straight line. Any two points are connected with a segment.

Is it possible to color these segments by some colors so that there are
exactly three segments of any color, all three forming a triangle with vertices
at the marked points ?

(U.Mische)

8. A vertex of a triangular pyramid is called perfect, if one can construct
a triangle with edges from this vertex as its sides.
How many perfect vertices can the triangle pyramid have 7 (Det;enmne
all possible cases.)
(E.Barabanov)

7. a) Find all positive integers n such that the equation (a®)" = b* has
at least a solution in positive integers a, b exceeding 1.
b) Find all positive integers a and b satisfying the equality (a*)? = .
(I1.Voronovich)

8. To any AABC with AB = ¢(m), BC = a{m), CA = b(m) and
LA=ca(rad), LB = f(rad), LC = v(rad) we assign the set of numbers
(a,d, ¢, e, 8, 7).

Find the minimal value of n for which there is a non-isosceles A ABC
such that there arc exactly n distinct numbers in the set (a, b, ¢, @, 8, 7).

{I.Loseu)



SELECTION and TRAINING SESSION
Test 1 (Time: 4 hours)

1. Find the minimal number of cells on the 5 x 7 board that must
be painted so that any cell which is not painted has exactly one painted
neighboring cell. (We call two different cells neighboring if they have a
common side.) - '

(E.Barabanov, I.Voronovich}

2. Let P be a point inside the right triangle ABC, £ C = 90°, such that
AP = AC, M be the midpoint of the hypotenuse 4B, H the foot of the
altitude CH. :

Prove that PM is a bisector of / BPH if and only if 7 A = 60°.

(Antonio Caminha, Brasil)

3. Does there exist a function f: N — N such that
f(fln=1)) = fln+1) - f(n)
forany n > 27 ('I:j[oj:iqn‘oyich)‘

4. A closed pentagonal line is inscribed in a sphere of the diameter' 1.
All edges of the line are I. Prove that | < sin 72°. A
. (AXKorenev)

Test 2 (Time: 4 hours)

1. All the verkices of a convex polyhedron have the same degree 4. Find
the minimal possible number of triangnlar faces in the polyhedromn.
(V. Kaskevich) .

2. Real numbers a, b, ¢ satisfy the equation
267 — B° 4 2¢® — 6a’h + 3ab’ — 3ac® — 3b® + Babe = 0.

Given that a < b, determine which of b and ¢ is larger.
(I.Voronovich)

9]



3. We call two integer points (a1, b)) and (as, ba) on the coordinate plane
connected, if either ay = —a; and by = b; & 1, or a3 = @1 &1 and by = —b;.

Prove that it is possible to construct an infinite sequence (my,ny), ...,
(mg,ng), ... of integer points such that any two neighboring points of the
sequence are connected, and each integer point of the plane occurs in this
sequence.

(D.Zmeikov)
4, In a triangle ABC with AC = b, CB = a (a # b} points £ and F' are

on the sides AC and BC respectively, such that AE = BF = a'l 5 Let M
be the midpoint of AB, N the midpoint of EF', P the intersection point of
the segment EF and the bisector of / ACB.

Find the ratio of the areas S(CPMN)/S(ABC).

(I.Loseu)
Test 3 (Time: 4§ hours)

1. For a triangle ABC, let a = BC, b = AC; ma, ms be the medians
from the vertices A, B, respectively.
Find all real A such that the equality m, + Aa = my -+ Ab implies that
ABC is isosceles, i.c. a = b.
{(I.Voronovich)

2. a) Prove that {nv/3} > —%/-3: for any positive integer n . (Here
n

{z} denotes the fractional part of = .)
b) Does there exist & constant ¢ > 1 such that {nv3} > —£= for

nyv'3
(I.Voronovich)

any positive integer n ?

3. A graph has 15 vertices. Each edge of the graph is colored either red
or blue such that there is no three vertices 4, B, C connected pairwise with
edges of the same color.

Determine the largest possible number of the edges of this graph.

(D.Badziahin)

12



Test 4‘(T72me: 4% hours)

1. Find all functions f, g, b : R — R such that
Fle+y) +9(z* +y) = hlzy)

for all real z and y.
{I.Voronovich)

- 2. Let ABC be a triangle and M be an interior point. Prove that
min{MA, MB,MC}+ MA+MB+MC <AB+AC+BC.
(IMO-99 Shortlist)

3. Prove that for any positive integer IV there exist positive integers ay
and d, where d is not divisible by 2 and 3, such that for any number a; of
the arithmetic sequence ay = ag -+ kd, k € NU{0}, the sum S{a;) of digits
in the decimal representation of gy is greater than N.

(5.Shikh, IMO-99 Shortlist)

Test 5 (Time: 45 hours)

1. Let AM and AL be the median and the bisectrix of the triangle ABC
(M, L € BC); LBAC = a, BC = a, AM = m,, AL =1L, |
Prove the inequalities:

o o, ! .
a) atang < 2m, < acotE, ifa< ;_r and acnt'—Z- < 2mg < a,ta,ng-, if

Gf>7r'
9

b) 2, < acot .
‘ 2 (P.Lukianenko)

2. Let n,k be positive integers such that n is not divisible by 3 and
k > n. Prove that there exists a positive integer m which is divisible by n

and the sum of its digits in decimal representation is k.
(IMO-99 Shortlist)

13



3. Suppose that every integer has been given one of the colors red, blue,
green or yellow. Let = and y be odd integers so that |z # |y]. Show that
there are two integers of the same color whose difference has onc of the

following values: z,y,z+y or z — y.
(IMO-99 Shortlist)

Test 6 (Time: 43 hours)

1. Let M = {1,2,..,39,40}. Find the smallest n, n € N, for which it
is possible to partition M into n subsets My, My, ..., M, so that none of
M;'s contains elements a, b, ¢ such that a = b+ ¢ (a b, ¢ not necessarily
different.)

(U.Menski)

2. A positive integer m = @p..a7dp is called monotonic if
2 < g1 < o < ap.

Prove that for any n € N there exists an n-digit monotonic number which
is a perfect square.
(T Lasy)

3. Starting with an arbitrary pair (7, B) of vectors on the plaine we are
allowed to perform the opera.tmus of the following two types:
A. To change (&, b) on (&+ 2kb, b}, where k is an arbitrary nonzero integer.
B. To change (&, ) on (&, b+2ka) where k is an arbitrary nonzero integer.
Besides, we must change the type of operation on any step.

‘a) Is it possible to obtain the pair of vectors ({1,0),(2,1)) from the pair
{(1,0),(0,1)) using the operations described, if we start with the operation
of the type A?

b) Find all pairs ((a,?), (¢, d)), that can be obtained from ((1,0),(0,1)),
if we can arbitrarily choose the type of the first operation.
(A Korenev)

14



Test 7 ( Time: 43 hours)

1. Prove that for any positive real numbers a, b, ¢, z, y, z the inequality
3 53 s b+ 3
@ B o, latbte
z oy z 3z+y+z)
{(1.Gorodnin)

2. Points A, B,C divide the circumcircle © of the triangle ABC into
three arcs. Let X be a variable point on the arc AB and Oy, Oy be the
incenters of the triangles CAX and CBX. Prove that the circumcircle of
the triangle X 0;0; intersects Q2 in a fixed point. A
(IMO-99 Shortlist)

3. A game is played by n girls (n > 2}, everybody having a ball. Each of
the (3) pairs of players, in an arbitrary order, exchange the balls they have
at that moment. The game is called "nice” if at the end nobody has her
own ball and it is called "tiresome” if at the end everybody has her initial
ball. Determine the values of n for which there exists a nice game and those
for which there exists a tiresorme game. S
(IMO-99 Shortlist)

 Test 8 (Time: 41 hours)

1. Let P be the intersection point of the diagonals AC and BD of the
convex quadrilateral ABCD in which AB = AC = BD, and let O, [ be
the circumcenter and incenter of the triangle ABP, respectively.

Prove that O and CD are perpendicular, if O 3£ 1.

(I.Voronovich)

2. Prove that there exists two strictly increasing sequences (a,) and (bn)
such that a,(a, + 1) divides b2 + 1 for every natural n.
(IMO-99 Shortlist)

3. Prove that the sef of positive integers can not be partitioned into
three non-empty subsets, such that for anv two integers ., Yy, taken from
any two different subsets, the number z® — zy + 3 belongs to the third
subset. .

(LVoronovich, IM'O—QQ Shortlist)



HINTSandSOLUTIONS
FINAL ROUND

Category D

1. Apswer: (—8,0), {0,-4), (1,9), (5,1).

We rewritc the initial equation as (8z — 2){(3y ~1) = 26. 50,3z ~2=m, 3y — 1 =n,
where the integers m and » divide 26. From 32— 2 =1 {mod 3) it is easy to see that m =
—26, =2, 1 or 13 (then n = -1, —13, 26, and 2 respeclively). Now we find all possible
valuesof zand y: 2= -8, y=0; z=0,y=4; o=1,y=9; s=§y=1

2, Connect K with K and M. It is easy to see that A AKD = A DMC since AD = DC,

¢ DK = CM, LADK = { DCM = 90°. Therefore, L KAD =

B M
V\ = {MDC, so MD | AK. Similerly, KB L AM. Hence P is
\ the orthocenter of A AM K, which gives AP 1. MK.

A= D
\ , . ., 45
3. a) Let z; and =z, be the roots of the given equation. By Vieta's formula ~ =gy

4
+ 232 242=4, 50 b> a. Again, by Vieta's formula Z= Ty * Te, therefore, the required

. s b 4 4 b
inequalities b < ¢ < o+ b are eguivalent to the inequalities — < —cn, 4 < M = “ 4
or e o o 2

Atz Se e <t (mtay) = 0L<z 20— (2142 <4 (1}

Since Ty Ty — (:n1‘+ @2} = (zy — 1)(zs — 1) — 1, we see thai (1) is equivalent to
1 < {3 —i}(za — 1) < 5. The last inequalities hold since z;, z2 € [2,3]. .
) From what has been already proved, it follows that
a b s @ b a+b ¢

a+c+b+a— 6-}-c+b+c= b+c>b+c'

4. Answer: 8.
It is casy Lo ses that at most two tiles are adjacent to each side of the board.
[ I Therefore, at most 8 cells on the border of the square are
N covered by the tiles. So at most 44 cells can be covered by
- the tiles (8 are on the border of the square and 6 - § = 36 are
inside the square). Since every tile consisls of 5 cells we have
— . 44 ’ N
LINC, at most 8 tiles on the board (—5— < 9). An example of exactly
i LI 8 tiles is shown in the figure.
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5. Answer: 10.

Let 2 students score 1 point for Problem 5, y students score 2 points (the same number
of students receive 3 points), z students score 4 points. Therefore the total number of
participants is z + 2y + # and they together score z + 5y + 4z points. By condition, {(z +
+ by + 42z) — (z + 2y + z) = 30, i.e. 3y + 3z = 30. Hence the number of students having
at least 3 points is equal to ¥ + z = 10.

6. a) For any real = we have 0 < {z} < 1, so the inequality f{z) < 2 holds for any ©
and, in particular, for £ < 0.
-Consider the case when ¢ > 0. Let 2 > 1, Set z =n+a, wheren e N, 0 € a < 1,

(1 . . 1
ERSRT) O N  The - < @4 ——.
Then {z} = o and {m} Therefore f(z) = a+ panpvile +71 T a Show that

1
a+1——<1 5forany @, 0 < @ < 1. Indeed,

1
a+r<15 e Al +atl)<dat]l) <«

20" —a—1<0 & (a-1)(2a+1)<0.

The last inequality is obvious for any o, 0 € & < 1.
So, the required inequality is proved for z > 1. To prove the inequality for 0 <z < 1

it suffices to replace = by —, because
Y

i) =1+ {3} = {1} + o

and for 0 < @ < 1 we havey > 1.
b) By the above it follmvs that for n 3" 2 the desired zo musi be negatwe Set 3o =

m 1
g—mz-i-l’mEN Thcn;ﬁ;:—m—“So{zo} 2_!_la.nd{ }««l—ﬂ—?’
ence . :

1 m 1 11 1
F{—}t=2--———-—>52~———— —— 2n,
{wo}-r{xo} e e R el e Vm > 2n,

which proves the required statement for any n > 1.

7.1a=BC,b=CA, then BA=a+8 Leta=1dl, b=l c = |3+ B, thena<b<('
By condition it follows that . . ‘

o _ . _ v B s s - .
Tb =1 BCZ=°€b(a+b), ABy = ~ b"‘a, B,A:cc“(m )
T'herefore
—_— —_ - —_ - - - _—b<
BiBy=BiA+ABy =12 “a+(3-—“——b ‘”)b:c ¢q, ety
C ¢ b c be

and

—— — — - — n— b= be — n— b
clcﬁclsfgczz(b a_c 6))54«‘" LI PE 4



b——r —— - = .
It is clear that — By By = (1, that is the vectors By By and Gy are collinear, so the
a
lines By B, and 4 C, are parallel.
8. Answer: it is possible.

The total number of the segments are 7 - 6/2 = 21. So there must be exactly 7
trisngles of different colors. Since any marked point is

1 )1( i )3( 15871 the origin of two sides of the same triangle, two segr.nents
2 % <] of some three colors start from any point. In particular
3 % XTI each point is the vertex of exactly three triangles.
4 TR T= ] Tx Hence, to give an example of required coloring it suffices
5 % < % to construct the 7 x 7 table such that its columops
6| BERS correspond to the points, and its rows correspond to
7| <=l | x| the triangles. In any row one must mark three cells

corresponding to the points making the triangle. Since
any point is the vertex of exactly three triangles, there must be exactly three marked cells
in each column. The example is shown in the figure.

Category C

1. Answer: (0,0), (0,6), (—8,~2), (1,4), (4, 4).

Rewrite the given squation: y2®+ (y* ~ 36)z +y(y —6)* = 0. It is evident, that if y = 0,
then z = Q and the pair (z,y) = (0,0) satisfies the equation. If y # 0, then the initial
equation can be considered as the quadratic equation with respect to 2. So,

o 309 E /(7 ~36) ~ dy’ly -~ 6)°

1
= (M
For & to be integer the radicand must be a perfect square. But
(y" - 36)" — 4y*(y — 6)° = (3 ~ 6)((v +6)° —44*) = 3(y — 6)*(6 — ¥)(y + 2)-

Therefore, therc is a positive integer m such that 3(6 — y)(y + 2) = m? In pazticular,
(6 —y)y+2) >0, hence ~2 € y < 6. It is easy to verify that only for y = —2, ¥ = 4, and
y = 6 the number 3(6 — y}(y + 2) is the perfect squarc. Considering these values of y, we
find all required pairs: {—8, -2}, (1,4), {4,4) u (0,6).

2. Since AFE is the bisectrix of A ABC and AF is the bisectrix o A ADC, we have

A %:%%:coaiBAC:%:%
CE-CF=BE.DF=(BC—-ECYCD-CF) =
. D BC’-CD:BC-CF-i—EC-Oll).
Multiplying both sides of this equality by EsinLBCD we
¢ A obtain §(BCDY = S(BCF) + §(ECD). But

18



$(BCD) = S(CEGF) + S(BEG) + S(BGD) + S(GDF),
S(BCF) = S(CEGF)+ S(BEG), S(ECD)<= S(CEGF)+S(GDF). .
which gives the required equality S(CEGF) = §(BDG).
3. Answer: n -~ 1.

It is evident that if the set containg 3 various sequences of the length n, then it contains
all possible sequences. From

TIENE
c;:[z‘——-}-z——",.], ?:=l.,;..,i“l,,

it is casy to see that ¢; = 0 only if a; = by = 0, and & = 2 only if a; + & > 3. Hence, the
sequence containing only zeros (denote it by Ao), can not be obtain from the sequences
different from Ap. So Ay belongs to the initial set. Similar statements are valid for all
sequences A; with 2 at the j-th place, and with 0 at the other places. There are exactly n
of such sequences. So &k > n -+ 1. . .

Show that from the sequences 4;, 7 = 0,1,..., n, one can obtain the set consisting of
all 3" possible sequences. Denote the operation of obtaining a new sequence by 3.

Also denote by BE(iy, ..., ix) the sequence with 1’s at 4,-th, ..., ip-th places. It is easy fo
see that C
By, o) = {4, A58 4,) 8 ... 0 Ai).

Now denote by F(i1, ... 44 jo) the sequence with 2 at jo-th place and with 1's af i3-th, ...,
ip-th places. We have

F{ih "'77:k§j0) = E(i1$~-~sik1jﬂ) D Ajn-

Now we can construct any of 3" sequences, If G{d1, ..., 8k J1, .-, Jm) I5 the sequence with
s at i1-th, ..., 4¢-th places and 2 at j1-th; L., jm-th places, then

Gliny o a5 3110y ) = (ool (Pl o By G2y oy B 1) @ F {00, i 1y o Jmi § — 2)O

®-F(7:?J "':’ik;j!:jﬁ%: ---:im§j3) D.& F[ih -"1ik;j11j21 --':jm—l;jm)):
as required, '

4. Answer: 10.

Note that the angular cell of the board can not belong to a tile.  Further,
no two neighboring cells on the border of the square can be
covered by the tiles. Therefore, at most 16 cells on the border
of the square are covered by the iiles. So at most 65 cells
can be covered by the tiles (al most 16 are on the border and
7 .7 = 49 inside the square). Since every tile consists of 6

cells, we have at most 10 tiles on the board (-g* < 11). An

example of exactly 10 tiles is shown in the figure,
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5. Answer: 430.

~VPr 4 ptPP i

- r R
By condition, #; = —+———= @my = ———" 0 7; < Ta. Therefore, it suffices

2 2
fl 2 4
pPryp T V‘;+q <10, It is

to find all pairs (p,¢) (p € N, g € N) satislying the inequality
easy to show that there are exactly 450 such pairs.
6. Answer: BC = 12.

Let N be the midpoint of AB and K the midpoint of AC (sce ihe Fig)
Then MN and MK are midlines of A ABC. So

F [PNM = 90° + LA = (GKM. Applying the law

of cosines to AFNM we obtain 11> = FN? +

A MN?*—2FN-MN cos ZFN M. Similarly, applying

the law of cosines to A GKM, we obtain 7* =
K o = GK®+ MK? — 2GK - MK cos (GK M. Since

FN = %?BA, CK = —\Q—ECA, MN = A,

B M C )
MK = —BA, we can rewrite these equalities as
3 1 V31 1 V3 1
112 = 2 2 + 20, 2_o ¥Y I 2 . 2 2, = 2 9. X0 .
11 4BA 40‘1 2 ) BA - CAcos LFNM, T CA 4B’A 53

CA- BAgos LGKM. Subtra.ctmg the second er:pna.hty from the first one gives 72 = 112 —
-7 = (- Z)(JB.A.2 CA%) = —(BA" CAY) = —302 hence BC? = 144 and finally
BC =12,

T. Answer: Jerry wins.

Note that if there are two columas with pawns in the same row, then the player can not
put a pawn into the cells of these columuns, otherwise the other player can construct the
required rectangle. Therefore Jerry has the following strategy to win: he puts the pawn
into the ccll {the cell must be in the empty column) of the same row in which Tom puts
his pawn. So it is easy to see that after Jerry’s move Tom can not put the pawn into the
cells of occupied columns (ie. columns conizining the pawns). But the number of the
columns is even, therefore, Tom loses, since afier at most 10 moves all empty columns are
exhausted.

8. Multiply Lthe given equality by abed. It is easy to verify that the obtained equality
is equivalent to {b— a){c — b}{d — ¢){z — d) = 0. Therefore, there are equal numbers among

¢, by ¢, and 4.
Category B Ei
1. The required locus is a horizontal line y = _—1— {this line is tha directrix of the given
parabola).

Let M(zo,yo) be the point satislying conditions. Any (C‘{CEPL for vertlca,l) lme passing
through M can be described by the equation y = k{(z — z¢) + yo, where k is a slope. This
line touches the parabola if and only if the equation #® = k{2 — ) +yo has exactly one real
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root. Therelore, k* — dzpk + dio = 0. By condition, this cquation has two roots ky and kg
(there are two Langents from M to the parabola). Since Lhese tangents are perpendicular

we have k kg = —1. By Vieta’s theorem kikp = dyo, S0 Yo = —~ Hem,e, M (zy,y0) belongs

1
to the required locus if and only if yo = —%L-, that is M lies on the. finey = T

2. Answer: {m,n) = (0,0),(36,12),(386, 18).

In any of the cases m = n,7n = n®,m = ~n we have m = n = 0, and the pair (0,0) is
the solution of the given equation,

Lel m+ 7 # 0,n # 0,m # 0. Adding 4mn{n® — m) to hoth sides of the equation we
have i

(m +n) (2% —m) = 4mn®. 0
Dividing the initial equation by (1), we have
m—n\* m '
my -z, g
m+n n
so m is a perfect square. Let m = E%; suppose for the sake of certaincy that & is a
- Be-n k
positive integer. From (2) it follows that :2 +: = :l::: Cousider the case W +: =

This equality can be written as
n? — (b —k)n + B = 0. . (3

Since n i3 integer, we conclude that the discriminant of the quadratic equation (3} with
respect to n must be a perfect square. We have D = (k* = k)? — 4k% = &*((k — 3)* —8). So
(k ~3)* — 8 is a perfect square. Let (k—3)%2 —8 = I?,] > 0; then (k—3 ~I){(k—3+1) =8
Note that the integers £ —3 — 1 u k ~ 3 + ! have the same parity, therefore from the iast
equality we obtain either 4 ~3 —/=2apd k ~3+!=4 whencek=6or k-3 -1=—4
and k —8 + [ = —2 whence & = 0, which contradicts m 3 0. Hence; k = §,m = 36; D=
= 62((6 3)* — 8) =36. For &k = § from (3) it follows that either o = 12 or n = 18. The
case };z :: = is considered in the same way. This consideration do not lead to the
answers different from m = 36 and n = 12, 18. It is easy to check that the pairs (36;12)
and (36; 18) are the solutions o[' the given equation. -

3. Let L be the intersection poinl of CK and BD. Then % = %, 50 that
ﬁf{—c- = P~—--——~————~—NI0+ ¢o _ ——--———MCJ':CD By condition
ML~ ML+LD ~ ~mDp O T
.ﬂ/IA(A’IC + CD) = MB - J’WD, that is —— =

MA
M ng MC . Then the triangles BM A

and ("’ML are similar and therefore L MBA = ¢ MCL.
But LMCL = LLCD, thus LKBD = LMBA =

= (LOD = ¢ KCD. The angles KBD and KCD are
based on the same segment KD and their vertices lie at Lhe same half-plane with Tespect
of this segment. Therefore the points K, B, C, I are cuncvuhc, so LBKC =1 C.DB as
they arc subtended by the same chord BC.
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4. Answer: n = 2, and —1 is at the midpoint of the side of A ABC; or n =3, and -1
is at the center of & ABC.

We call a line labelled if it passes through the side of any small triangle. Let F(MN)
be the operation of changing signs for the point on the labelled line MV.

Suppose that using the described operations we can obtain +1 at all labelled points.
Note that on any labelled line there is an even number (0 or 2) of the points A, B and
C. So the product of the numbers at the points A, B, C are constant under the allowed
operations. Since at the final position this product is +1, the number —1 can not be at
the vertex of A AB‘{Z.

A
. By Ch
N
By Ca ¢
C M B C A A B
Fig. 1 Fig. 2

Let n = 2. We have six labelled points (see Fig. 1). Let —1 be at'the point M. Then,
using F(BCY), F(AC), F(AB), F{LN) consecutively, we obtain +1 at all labelled points.

Consider the case n = 3. We have nine labelled points on the sides of A ABC (see
Fig. 2). On any labelled line there are exactly two of these points. Therefore, the product
of the numbers at these points is constant. Hence none of these points Is labelled by -1.
If -1 is at the center of A ABC, then using #(42,C1), F(Ba, A1), F(Ca, By), F{4,B),
F(B,CY), F(C, A) gives +1 at all labelled points. Let » > 3. The number —1 is not at the
vertex of A ABC. But it is easy to see that any labelled point different from the vertex of
A ABC, is the vertex ol a some regular hexagon with unit side. On any labelled line there
is an even number (¢ or 2) vertices of these hexagons. So the product of the numbers at
the vertices of the hexagons is constant. So there are not —1 at these vertices. Thus for
n 2 3 and for any initial position of —1 one can not obtain +1 at all labelled points nsing
the allowed operations.

5. Answer: Tom wins.

Note that if there are two colurans with pawns in the same row, then the player can not
put the pawn into the cells of these columus, otherwise the other player can construct the
required rectangle. This statement is valid also for any two rows. We call these columns
(rows) connected. Further, we call the column (row) empty, if it does nol contain pawns,
and occupied in the opposite case. It is easy to see that the player can not put the pawn
into the cell on the intersection of occupied row and column,

Tom has the following strategy to win: he puts the pawn into arbitrary cell, so there
is an even number of empty columas and ermpty rows (namely, 24) on the board. Further,
after Jerry’s move Tom puts his pawm so thatl after this move the number of empty columms
and empty rows on the board will be even again, i.e., if Jerry puts the pawn into the cell
on the intersection of empty column and empty row, then Tom also puts the pawn into
the cell on the intersection of empty column and empty row; if Jerry puts the pawn into
the cell on the interscction of the occupied column (row) and empty row (column), then
Tom puts the pawn into the cell on the intersection of this column (row) and empty row
{cotumn). Since the number of the moves is finite, it is easy to see that Tom wins.
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6. Lemme. Let ABCD be a rectangle, X an arbitrary point. Then XA? + XC? =
= XB*+ XD :

Let O be the center of the rectangle. Applying the law of cosines (o the triangles AOX
and COX we have

X A% = A0+ X0? =240 - X0 - cos L AOX

and

XC? = CO*+ XO* ~200 - XO - cos L COX.
Summing (taking into account that cos L00X = —cos £ AOX, AO=C0 = —;AC} gives

T XA? 4 XC? = 2407+ 2X 0% = %AO’ +2XO".

Similarly, X B? + XD? = lB.DE + 2X 0% 1t remains to see that AC = BD, since the
diagopals of the rectangle are equal. Lemma is proved.

Choose the largest of the segments, say, XA. From lermnma it follows that all the
segments XAy XB, XD are non-degenerated and the inequality XA4A? < XB? 4+ XD?
holds. Therefore XA < v XB2+ XD? < XB + XD, so that one can construct the
triangle with XA, XB, XD as its sides. i o

b) Let X be the midpoint of the side DO of the parallelogram ABCD (see the fig.).
We want to select positive z, 4, h so thal one can not construct a triangle using thres of
the segments XC, XD, XB and XA as its sides (see the Fig.). For this to be valid it Is
sufficient that 2X D = XC + XD <« XA and XD+ XA < XB, that is =, y, b satisfy the
system ’

Wtk < J@ror+he, e+ fmrur+ k<o + )+ b2

For # = 0 (degenerate parallclogram) the first inequality gives y < =, and the second one
is obvicusly valid. So we can select any z and y, 0 < y < = and & > 0 sufficiently close to
zero that hoth the inequalities holds.

c B

X 2h 2h

D %y z A

Also we can simply set y = h = %

7. Answer: a=b=1.
It is evident that @ = b = 1 is a solution. Suppose now that ¢ > 1, 6 > 1. We have

# = ala®) 5 0%, 50 b > u. Taking into account the equality from the condition, we obtain

e 'ebgat, (%)
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{Indeed, N =p > a?, so 0® > b; further, ale’) =t < {a*)! = a®, hence a® < ab, or

g~ < b}

" Now let p be an arbitrary prime number. which divides a and &; set o = p°n, b = p'm,
where n and m arc coprime with p. From (pﬂn)(am) = (p'm)? it follows that sa® = tb,
whence, in view of (%), s < ¢ < sa. So, the exponent ¢ of p in 5 is less than the exponent
sa of p in e®. Therefore a® is divisible by b, and a® > b, Let a* = kb, where & > 1. Then

B = ala®) = 4%, 50 b = a*. Using (+) we obtain a* < a* < a% ora—1<k<a, a
contradiction.

B. Answer: b) there is no infinite concordant set. Twelve vectors,

a} As it immidiately follows from the condition, if @ € R, then also —& € R. Now, for a)
to be proved, it is sufficient that for any &,5 € R such that 0 < (4, E’) < g—, the inclusion

&— b &R is valid. Let for definiteness || < {Bl. Since 0 < £(&, 5), we have
& $4(@)| < fal + 15(@)] = |a] + [a} = 2)a < fa] + .

Further, since the vector @ — Sp(d) # {0 and its length is an integer multiple of b, we have
@ — 5y(@) = 43. The equality & — S;(&@) = —¥ is impossible, since £(g,5) < Z Hence
@—Sy(@) = b and then G~ 5= S3(€) € R as was stated.

b} As for finite concordant sets, all possible cases are shown in the figures below. In
Da.rtmular, the greatest possible number of vectors in finite concordant set is 12.

A —p B I e e e
= - - -
—-a a -2 -a a 24

CAt
—20 —a

S
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Category A

1. Answer: a) yes; b) no.

a} Pit can wrile an arbitrary ¢ and then ¢ = —1 — ¢ — &; it is easy lo verily that all
three equalions have the common real root z = 1,

b) I Bill writes any b such that b # a, then the equations have not common root
different from 1. Indeed, let & be & commmon root of the equations and & # 1.

Subtracting the second equation from the first one gives

(@ —8)e?+ (b—c)z + (c—a) =0, )

and k satisfies (1). For a # b (1) bas two roots ¢ = 1 and 2 = &%, for ¢ = b & ¢ (1) has
a unique root z = 1, and for a = b= ¢ all real numbers satisfy (1) Therefore, since a # b
and k # 1, we have :

c—a
k= . 2
— (2)
It follows that Pit can not write ¢ = a, otherwise & = @, that is the common toot of the
initial equations is not negative. So, ¢ # a. Subtracting the first equation from the third
one gives

o

¢
b= (3)
Arguing as above, we conclude that ¢ 5# b.
Turther, subtracting the third equation from the first one gives
—b
k=22 @)

Multiplying (2)-(4), we have #* = 1 so k = 1, a contradiction.
2. Answer: 2400,

n!
20 D is integer, that is {m} = (), therefore

the initial equation has not solution (since by condition ¢* is not integer). Thus » < 15,

It is evident that for n > 15 the number

On the other hand, the denominator of the fraction 23 (when reduced to the lowesh

terms) must be a perfect square. Hence, since 2000 = 2* - 5%, we see that n! is divisible
by 3, but it is not divisible by 25 (otherwise the power of 5 in the denominator would be
odd), Therefore, 5 < n < 9. Now, we have 5 cases. ’

l.n=35 n!=292.3.35 = the power of 2 in the denominator of the fraction 53_06 18
odd (it equals 1), which is impossible.

! 9
_ | — 4. 02 ERCAN R
2Zn=6. nl=2*.3 5:'{ } 25"

2000
! 13
- l—o1.92 5. LA L
n=T. n!=2".3“.5 7:?{2000} %
! 4
- 1 — 97,92 ki =
4. n=8 nl=27.3.5- 7#{2000} %5
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5 n = —07.34.5. A S *{ﬁﬁi_{ﬁ}
n=9% n!'=21.3*.57= {2000}—25 = =1+ 5% =1z
k . k? m
Thercfore, g = 5 where 0 < & < 10000 since U < g < 2000. Moreover, {-2.5} = {55—}
is equivalent to £* = m (med 25). If m = a?, then the congruence &* = @? (mod 25) has
exactly two solutions & = g and k = 25 —a for 0 < & < 25, @' # 0 (mod ). Besides, this
congruence has solutions & = a + 25! and % = 25 —u 4 250 for { = 1, ..., 799 Thus for
any n = 8,8, 9 there are exactly 800 solutions of the torresponding eqiations for 0 < k& <
< 10000. The congruence k* = 13 (mod 25) has not selution since &% — 13 is not divisible
by 5. Therefore, the initial equation has exactly 2400 solutions.

3. Answer:16.
- Let My be the set of all the sequences. The notation A ~ B means that sequence 4 is
similar to B. It is easy to see that A ~ B yields B ~ A, and A ~ ¢, B~ C imply A ~ B.
Let

H(sl} €2, &3, 54) = (sl: &a, E3, E4, +1: cery +l)i
W
and
My = {l{e1, &2, €3, &5) | & € {=1,+1},1=1,2,3,4}

It is easy Lo show that for any sequence from My there is a similar sequence from MF,.
Prove that if the quadruples ey, 24, €3, &4 and 71, 72, 73, 74 are different then

(e, €3, £3, £3) o U{m, na, 13, M4)-

Let (e1,...,ex) € {Mn}. Associate with this sequence the following four numbers

ky k2 .. e
L= 1] eorsaesian, k1 +2 <N, I =[] espriosnss, S £3 SN,

k=¢ k=0 .

k3 &y

Iﬂ = 1__[ 85k+3eak+4, 5]93 + 4 S N, I4 = H Bsk+435k+51 5"34 + 5 S N
L k=0 . k=0

These numbers are invariant under the allowed operation because the operation changes

the sings of exacily two lerms for every products, so the products are constant under the

operations. For the sequence from M}y we have 1| = g6, I = €283, s = €384, Iy = &4

£187 = wy,
ZnEg = Wh, . .
The system o = o has the unique solution &1, &2, £3,584 & {—1,+1} for any wy, we,
384 = w3, :
€4 = e,

ws, wq from {—1,+1}. So, the maximal number of sequences from M}y no two of which are
similar, is less than or equal to the number of guadruples (wy, w, w, ws), that is 2* = 16,
But there arc cxactly 16 sequences in MY, so the proof is complete.
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4. Answer: no.
Lel O be the intersection point of the diagonals; I, K, M, N {in the given order)

interseciion points of { with lateral sides and
diagonals (see the Fig.). Consider the vectors

OA = & OB = § OC = x, 0D = X,
{bere A is a negative coefficient, |A| = DC/AB.
Let OK = (3 and OM = sg, with ¢ and »
(positive) coefficients. We have MR =td — 5B, s0,

DL=D0+0R +KL=D +OK +ME = =50+ ti+ (18— sb) = Ud — () + 5)b.

=

gurthe,r\, DA=D0 + 04 = & — Ab. Since the vectors DL and DA are collinear, we have

i " ; ;

] ; Zor A+ s = 230 Thus, LK = KM is eqguivalent to A + s = 2At. Similarly,

KM = MN is equivalent to A + ¢ = 2Xs. Therefore, LK = KM = MN i equivalent to
A5 =2M, Atos =28,
A+t =2s, t—s=2Ms—t).

equality it follows that either s = ¢ or 204 = —1. [f 5 = {, then the line ! is parallel to

the bases of the trapezoid. If 24 = —1, then the last system is cquivalent to the system

which is equivalent to the system From the second

THis means that the ratio of the lengths of the bases is 1:2, and the paints

K and M lying on the diagaonals satisfy the only candition 9K -+ oM = i In this case
QA 0 B 2 -

——— I is not parallel to

the line ! satisfies the problem condition, but in the case i P OF

the bases.

5. Answer: it is possible.

Consider 2 finite plane over the field Fy (residue field modulo 3). We assign to eack
vertex of the given graph some of 9 points on the plane, different points to different vertices.
Now, if for some three verices A, B, C the corresponding points lic on the same straight-
line, then we color the segments AB, B, AC in the same color. It is easy to see that this
is the required caloring.

6. Answer: 1, 2, 3, 4.

We first show that any trjangular pyramid has at least one perfect vertex.

Lel ABC D be an arbitrary triangle pyramid. Without loss of generality we assume that
AB > max{AC, AD, BC, B}. For A ABC and A ABD
we have AB < AC 4 BC and AR < AD + BD. So,
2AB < AC+ BC + AD + BD, or 2AB < (AC + AD) +
+ (BC + BD). From the last inequality it follows either
AB < AC + AD, or AB < BC + BD. If AB < AC +
+ AD, then, since AB > AC and AB > AD, one can
construct the triangle with AB, AC, AD as its sides; so
the vertex A is perfect. Similatly, if AB < BC + BD,
then the vertex B js perfect. Thus the number N of the
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perfeet vertices of any triangular pyramid is at least 1.

Now give the examples of the pyrarnids for which N = 1,2,3,4.

For ¥ = 4 : the right tetrahedron is the required pyramid (all vertices are perfect).
For N =1 : the pyramid ABCD with AB = BC =CA =1and DA =DDB = D(C is the
required pyramid (the only perfect vertex is D).

For the case N = 2, let A AB{ be an isosceles right triangle with the hypotenuse AD.
Let D be the point not in ihe plane of A ABC, such that |B — D} < e with sufficiently
small £. Then the pyramid DABC has exactly two perfect vertices: A and C.

Mow for the case N = 3, consider a right triangle A ABC with £C = 909 such that

A
AC <BC < 45 < AC. Let for example AC = 15, BC' = 8, AB = 17. Let M be the

midpeint of the hypotenuse AR, I} a point not in the plane of A ABC sufficiently closed
to M such that DM is the perpendicular to the plane of A ABC. Then the lengths of the
segments CM, AM, BM are sufficiently closed to 0.5AB = 8.5. [t is easy to see that the
pyramid DAPBC has exactly three perfect vertices 4, C, and D.

7. Answer: a) all positive integers n #2; b)e=b=1and o =25, 5=2%0,

a) Forn = | all a = b # 1 satisfy the condition. ¥ n > 2, then the numbers
a = {n—1)""Y and b = (n — 1)* satisfy the equation {easy verification), and a > 1,
5 > 1. Tt remains to show that n = 2 does not satisfy the problem condition. Let n >
> 1,8 > 1,0> 1. Let p be a prime divisor of o (and, consequently, p is 2 prime divisor of
b, too}. Set a = p*l,b = p'm, where 5,1 are positive integers, and positive integers [ and
m are coprime with p. We have 8 = (a%)" > %, whence b > a. So a®* = ¥ > df, hence
an > b, Further, (p'k)°" = (p*m)’; the exponents of p in both sides of the equality must
be equal, so that sen = tb. Since § < na, we have s < t. Therefore, for any p the exponent
sof pin e is less than the exponent ¢ of p in 5. Thus a divides b, or b= ke (k> 1). It
follows that & = (ka)* = o™, whence (ka)* = o ie a®* =k > 1orn—k > 0. Since
k> 1, we have n > 2,

b) Similar arguments apply to the case n = 5 b= ka (k> 1, and {ka)* = @%, ie.
of = k",_l < k < 5. It is easy to verify that there are not solutions if either k = 2 or
k=3 For'k =4 we obtain a = 4* = 28 b= 40 = 910,

8, Answer 4.

1) We construct a non-isosceles triangle ABC such that there are al most 4 distinct
numbers in the sei of lengihs and angles of this litangle. Let AB = n/2(m), L4 =
= 1{2(rad), and L = o, where atane = 7/2. This a exists, because, if f(z} = ztanz,
thea f{0) = 0 and f{z)} — +oo, as & — 7/2, (it is evident that o # w/4). Therefore
AC = BC cosx = cos aAB/ sin o = o. Thus the required triangle is constructed.

2) Suppose, contrary to our claim, that there exists a non-isosceles triangle A ABC,
such that if its set {e,b,¢, ¢, 8,7) there at most 3 distinet numbers. Since A ABC is
non-isosceles, we have a # b 5 ¢ 5% a and a £ 8 # 7 # . Without no loss of generality
we assume that ¢ < b < ¢. Se o < § < +. Since there are at most 3 distinet numbers
among the numbers a, b, ¢, &, 3, 7, we have a = @, b = 8, ¢ = ~. By the law of sines,
afsina = b sinb = ¢/ sinc. But the function g(z) = &/ sin z is increasing on the interval
(0,7), so it follows that a = & = ¢, a contradiction.
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SELECTION and TRAINING SESSION

Test 1

1. Answer: 9 (see the example in Fig. 1)

Consider the following cross-like tiles as on Fig. 2. Any of the files must contain at
least a painted cell (or, if not, the ceniral cell of the tile would not satisfy the condition).
Hence, the number of painted cells must be greater than or equal to 8. Also, one can show
that this number can not be equal to 8. )

Fig. 1 Fig, 2
2. (Proof of Siarhei Markouski.} Let 5 be a circle centered at A, of radius AC' = AP,
B, let N be the intersection point of § and AB. Produce CH

and PH to meet 5 again at ¥ and X respectively (see the
Fig.). Since CH 1 AB, we have CH = HY. By the power-of-
a-point theorem for S, PH - HX = CH - HY = CH?. Now,

Y from the right triangle ABC we have CH? = BH - H4, w0
% ) that PH - HX = BH - HA. Tt follows that the points B,
¢ VA P, A, X are concyclic. Hence, / XAH = [ XPB. Furhter,

v Lt XPN = %L X AN since £ XPN subtends the arc NY X,
So, LXPN = %L XPRH, whence L HPN = £ BPN, i.e. PN
is the bisector of £ BPN. That is, PM is the bisector of £ BPH if and only if
M=N < AM = AN <= AM = AC &= LA =60"

3. Suppose that there exists such a function. For n > 2 we have
fla+1) = fln) = f(fln - 1)} >0, fln+1)> f(n).
Hence for any n > 2 the function f(n) increases, Tt follows that
fyzfr-D+12 2 fH+r-D=n-1 fln)zn-1

for n > 2. Now , for n > 4 we have f(n — 1) > 2, hence we may apply the last inequalily
to get f{f(n—1)} 2 f(n—1) — 1. Thus (for n > 4)

Frt1) = F(Fln—1))4 F(n) 2 (fln—1)=1)4n—1 = f(n—1)+(n-2) = (n—1)=1+{n~2),

Ffln+ )2 2n—4.
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In particular, (setting » = 7) f(8) = 10. Let r = f(8). Now, summing the equalities
fifin=1)=fln+1)— f(n)for n=9,...,7 =1 [r — 1 > 9} we get

FEEN+ O + o+ f(f(r—2)] = fr) = FO [FFO) + oo 4 S = 20 = ~1(9),

a contradiction. (In the caser ~ 1 = 9 the expression in square brackets means 0.)

Hence, there is not a function satisfying the given equation.

4. Denote the given pentagonal line by A1 43434445, and the center of the sphere
by 0. On the contrary, suppose that | = A1 A5 = ... = AgA; > sin72%. Then £ 4,04 =
=L Ag0As = ... = £L AsOA; > 144°. From the trihedral cone OA; Ay A3 we have £ 47045+
+£ A;O:‘ia'ﬁ'l AgOr’ig < 360° whence £ IiLOA?, < 3600—2- 144 = 790, Similarly, 4 AsOAa <
< T9°. Further, from the trihedral cone OA; AaAs we get £ Aj0As € LA 0As + 2 AsOAs.
Thus 144° < L A, 0As € L AyOAz + £ A30As < T2° 4 72° = 144°, a contradiction.

Test 2

1. Answer: 8.
Let 7 be the number of vertices of the given polyhedron. Since the degree of any vertex
is 4, the total number of the edges of the polyhedron equals m = in = 2n. I k is the total

number of the faces, then, by Euler’s theorem, k =2+ m—-n=2+2n~-n=n+2. Let
@ be the number of triangular faces, then the number of other facesis bk ~a =n + 2 — a,
any of them containing at least 4 edges. So the number of the edges

> 3a+4(n2+2—a);

In=m 4n > 8a+ 4{n + 2 -—a),
whence a > 8. Now for an octahedron the value a = 8 holds.

2. (Solution of Artsiom Kokhan, Jury Hrushetski, Dzmitry Doryn.) Considex the
function in z: f(z) = 22° — 3(a + b)z* + 6abz + 2¢° — 8% ~ Ba%h + 3ab?. We have f'{z) =
=6z — 8(a + b)z + 62d = 6(z — a)(z — b). Since a < b and f(z) is cubic poiynomial, the
leading coefficient being 2 > 0, we conclude that = = a is a point of local maximum of
f{z) and = = b is a point of local minimum of f{z). Substituting = = a, we casily find that
fla) = (a—5)® < 0. Hence, for any = < b we have f(z) € f{a) < 0, thal is the only zero
of f(z), namely 2 = ¢, satisfies ¢ > &.

3. We partition the set of all integer poinis into an infinite collection of subsets which
e call the subset of level 0, of level 1,
of level 2. and so on. It is easy to see
now that we can construct the required
sequence as follows. First, we write the
[N [ — point (C,0) (i.e. the point of level 0).
T \ Level & Then we pass to the subset of level 1
\ and write in an appropriale succession

all 8 points of this level. Then we pass
to the level 2, and so on.

i

Level 1

|
Level 0
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4. Answer: m_

Test 3

1. Answer: A € (—co, %] ] {%,-'\-'00]-

{Solution of Jury Hrushetski, Maxim Zhyhovich, Aliaxei Kirlouski, Siarhel Markouski.)

We use the following formulae for the median m? = l(25“’ +2c® — a%), Note thal in any
triangle ABC with M the midpoint of BC, AC — é’M < AM < AC + CM, that is

b— g < mg < b+ —g—. Similarly, a — g<m<a + 7 Summing the above inequalities, we
get
ﬂ;b<mn+mb<§(a+b). (1)
Suppose now that ¢ # b and the equality .
S P 1 @)
oy m? —mf 3 b — a? 3 b4a

¥ ,__m = - -
holds. Then A = b—a  (b—a)(me+ms) 4(b—a)(metmy) dmgtmy

a-t+b 3 2 3 1 3 .
m<2,50thabz'§<ﬁ<g-2,0r§<A<§.So,lf

A € (—on, %} U [g, +00), and (2) holds, then ¢ must equal .

It remains to show that for any A g (5 g) there exisis a iriangle with o # b satisfying

from (1) it follows that ; <

Me — My
b—an )
Consider all the triangles ABC with fixed sides CA =3, CB =& (-2- < a < 2b), and

Mg — Mg

(2) or, equivalenily, A =

variable angle z = £ ACB,0 < & < 7; set flz} = , where my,, my are the medians

of the corresponding iriangle. It is easy to see that mg — b— g as z — 0, and m, ~— b-}-%

as z — x. Se,

(6+3)-(a+3)

a b
(b5~ (a~3) :
b~a

f(z)—) b—a

:g— asz — 0, and fz) — =% aszT — .
Hence, for any A € (%, %) there exists an = € (0, n) such that f{z) = A. This is what was
to be shown.

2. a) Let (z] be the integer part of « . We have for any n € N nv3] < nv/3,
ie V3t <3n?, [nv3]* <30 — 1. Now, the equation = =3y®—1 has no integer

3
solutions, hence we have in fact [nv3 ]2 < 3n? ~2 = 3n? (1 - ﬁy) < 3n? (l - 3—}{;) .
s0 that [nv3] < nv/3 (1 - 5—17;5) = nv3 — ;—1\/—5 , and finally ;—ﬁ < {nv3}.
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b) Answer: no. ‘
Let ¢>1 be any constant. We show that there exists n € N, for which

{nv3} <

A

A (1)

First we consider the equation
z?—3¢% = -2, (2)

We clalm that (2) has infinitely many solutions z, y € N. Ind.eed let (143 32+ VA

= ak—r-\/_bk for positive integer k; ay, by € N. Then also (1— \/ﬁ)(2 \/-) = ar—/3 b,
and we have af — ?bz-(l—}-\/_](l_\/_) ((2-’;-\/_)(2 \/_)) = 9.1k = 2Tt remains

to note that o and b indefinitely increase as & increases.

Further, if (z,y) € Nx N is a solution of (2), then obviously z < yv3. Also
V3 -1 <z, becawse (3v3 - 1)? < 22 = 3y -2 & 3@ < y which is true.
Hence, z = [y3]. .

Now, for (1) to be valid, we choose a solution {(z,y) € Nx N of (2) with sufficiently

ory\/_>—-—— Then utin (1) n=y,
e p 1)

large y such that y* > —z—zT)- ,and i° > =
so-thal” [nv3] =z, Then {1) becomes

3

) - . c ‘ . 5. .
{y\/@}(m = y\/g—ﬁ‘(yw <€=>v (y\/g—y—\/—'g) <z =4

o €
3_1,:3 c < T Y. &y >6(c—1)’

so (1) is valid.

3. (Solution of Aliaksandr Kirkouski, Artsiom Kokhan.) First construct a graph with
90 edges satisfying the problem condition. Let A,,..., 415 be the vertices. Let the vertices
A; and A; be connected with blue edge if and only il i ~j = 1 or 4 (mod 5), with ved one
ifand only {1—j = 2 or 3 (mod 5), and be not connected if and only ifi—j = 0 (mod ).
It is easy to verify that this graph is required.

Now prove that in any bichromatic graph with 15 vertices and at least 91 edges there
exists a monochromatic triangle. We use the following

Lemma. Lel in a graph with k vertices among any three veriices there be some two
which are connected with an edge. Then the tolal number of edges of the graph is at least

k(k— 2)

ya

Indeed, 'let p{k) be the minimal possible aumber of edges in the graph. Consider an
arbitrary pair of non-connected vertices. Any of the remaining k& — 2 vertices is connected
with at least one of these two. Also, the graph with these & — 2 vertices has at least

k- —
plk-2) > L‘Lfk’_@" (induction assumption) edges. Hence, p(k) > p(k — 2)+
=) > k(k—2

4,

as was slated.
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Also we may conclude that if in a graph with % vertices among any three vertices at

least two are not connected, then there are at least pairs of vertices in the graph

which are not connected. )

Now let T’ be a graph with ai least 91 edges. Then there exists a vertex A of degree
more than or equal to 13. Let A belong to r red and b blue edges {r + & > 13). Let
ARy, ..., AR, be red edges, AB, ..., AB; be blue ones. Consider the graph with vertices
Ri, ..., B,. It does not contain red edges {otherwise, we would have a red triangle of
the type AR;R;). Hence, all the edges are blue, and among any three vertices al least

r(r — 2)
4

two are not connected. Thus there are at least

b5 —'2)
¢

pairs of vertices which are not

connected. Similarly, at least pairs of By, ..., By are nol. connected. Thus the total

b(b —12) +r(r—«2) _

number of pairs of non-connected vertices in the graph is at least
_ Pt 2btr) (AP —d04r) (4 r)btr—4)  18-0

T > 3 5 > 1 :\ 14, hence a$
least 15. So, the total number of the edges of the graph is at most —-15=290, a
confradiction.

Test 4

1. Answer: f(z)= Ch, g(z) = Ch, h(z) = C1 + C; for any constants Cx,C; € R.
{Solution of Siarhei Markouski.) 1) Put z =0 in

Fo+y) +9(s +v) = h(ew), (1)
then gy) = A(0) — f(y*). Thus (1) becornes
Flz +9%) + h(0) — f((=® +9)*) = Alzy) (2)
2) Put y = —z° in (2). Then
Flo — 2% + B{0) — F(0) = h(—z*). 3)

Further, replacing = by —z we have
F(&® - 5) + h(0) — J(0) = B(=2") <= flo—%) = {(a® ~ 2).
Since z° — z takes all real values, we conclude that f is even, f(—z) = f(z).
Prove now that for any ¢ < © bhere exist my and o such that zoyy = C and
c3
(28 + w0)® = —(%0 + 3}, that is (¥ + ——»)3 —(zo + - =), or, equivalently, P(zo) =

= 23 4 3z8C + 3ziC? + 2§ + 2C° = 0. \Iote that P(0) = 2% < ¢ and P(z) — +o0 as
% — 400, 5o that the required zq really exists,

4) Put = = zmo, y = yo in (2), then using that f(zo + ¥§) = f{—(zs + 13)) we get
R(C) = A(0) for all veal C < 0. In particular, h(-z*}) = £h(0), and (3} yields
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flz —2%) = £(0). Since z° — z takes all real vanes, f(z) = F(0). Let f(0) = . Then
glz) = &(0) — f(.?:a} = h(0) — C1 = (y, and h(z)=Cy + Co.

2. (Solution from the IMO-99 Shortlist.) Lemma, If M is an interior point of the
convex quadrilateral ABC'D then MA 4+ MB < AD+ DC + CE.

Preof. The ray AM intersects the qua.dn]a.tera. in IV; suppose, for instance, that
NelCD] (see Fig. 1). Then MA+MB < MA+MNX4+NB < AN+ NCHCBZ AD+
+ DN+ NC+CB=AD + DC + CB. Lemma is prowed.

[

Iy
Fig.1 Pig. 2

The median triangle DEF divides triangle ABC into four regions (see Fig. 2). Each
region is covered by ab least two of the convex quadrilaterals ABDE, BCEF, CAFD. I,
for instance, M belongs to [ABDE] and [BCEF)] then MA+MB < BD+DE 4 EA and -
MB+MC < CE+ EF + FB. By adding these two inequalities we get MB + (MA +
+~ MB + MQC) < AB + BC + C'A, which implies the required conclusion.

3. Suppose a contrary. Let N be a positive integer such that for all ag € N and d € N,
there exist n for which S(a,) < N. Set d = 10™ 4 1. Consider

@, = ap +n{l0™ +1) = Zbklo" by € {0,1,...,8} )

k=0

by assumtion Z by < N.

It is easy to see that 10! = 10% (mod (10™ + 1)) where & = [ (mod 2m), hence [rom
an = 6o (mod (10™ + 1)) and (1) it follows that

s 2m—1 2m—1i
G =0 = 3 0107 = 3 10 (mod (10™ 4 1)), Z o € N. (2)
k=0 k=0

am-l
The total amount of different numbers of the type ”t ¢x10* equals exactly
k=0

Im + ) _@mA M) @meN)EmEN-1) . Oml)

K“"‘=( v Niam)l ~ i




(Note that the equality K, = Cf easily follows by induction, for instance, in n with
using the obvious recurrence relation Kjapq = Kin + Kign 4 o + Ko £ 1) Tt is casy
to see that there exists a positive integer m such that Kygp < 10™ + 1, therefore there
cxists a positive integer aq such that (2) dees not hold. This contradiction does prove the
statement.

Test 5

1. a) Let R be the circumradius of A ABC. We have

asi o asin? =
n— @ sin® —
otanZ = 2 _ 5 o(l—cose) = 2R(1 — cos &)
2 cos = 2sin — cos = sin ’
2 2 2
and
acos < Jacos? & 8l
’ co!
acot— = a2 = = 2a=a + Ba)-_—ZR(1+cosa}.
sin 5 2sin 3 cOos 3 si &

Hence we need to prove the inequalities

Bl —cosa) < mq, < R(1 +cosa), If a< %,
R(1 +coser) € m, < R(1 ~cosa), if a>% W
Let O be the circumcenter of A ABC. Then, obviously,

ACO - COM < AM < A0+ 0M, {2)

where

Rcos e if a<
AM =m,, AO=R, OM=
Reos(r —a)=~Reosa if a> .
9
Now, substituting the expressions for AM, AQ, OM in (2Z), we get the required (1).
b) Let K be the intersection point of AL and the sircumcircle (K # A). Then ZCAK =
=/ KAB mmplies KC = KB, KM L BC, and LCKM = % - %. Since KM < K and

AK < 2R, we have

AL=AK ~ KL <2R— KM. )
Substituting KM = gta.ng = R{l —cosa) in (3}, we get I, = AL < 2R ~ R(1 —cosar) =
= R(1 4 cos &). It remains to note that R(1 4 cosa) = %cot%.

2. (Solution from the IMO-99 Shortlist.) Let n= 225bp, where a, b are non-negative
integers and (p, 10) = L. We notice that it is enough to find M such that p|M and the sum



of M’s digits is & (we can take then m = M - 10, where ¢ = maz{a,b}). Since (p,10) =
= 1, there cxists k > 2 such that 10* = 1 (mod p). It follows that 10%* = 1 (mod p) and
1075+ = 10 (mod p) for every non- -negative inlegers 7,7, We will look for integers u,v > 0

so that M = Z‘, 108 Z 10%9+1 (if © or v is 0 then the corresponding sum is 0).
t=1

Notice that M = u + lﬂ'u. (mod p}. Hence M is acceptable if

utuv=~F, u-t+v =k, L
{p[u+10v, g {P[k-}—gﬂ. (2)

Because (p,3) = 1, one of the residues (mod p) of the numbers &, k+ 9, £+ 18,..., k
+ 9(p — 1) must be nil, so relation (2} holds for some vy with 0 < vy < p. Taking this v
and ug = k — v we get the wanied M.

3. (Solution from the IMO-99 Shortlist.) Suppose that there exists a coloring function
f:Z— {R,B,G,Y} with the property that for any integer a

f{ara+m:a+'§1&+m+,y} = {R,B,G,Y}
In particular, coloring the infeger lattice by the rule
9 ExZ— (R,B,G,Y), glii) = fliz+ iy,

we obtain that the vertices of any unit square have all four different colers.
Clazm 1. If there exists a column ¢ X Z such that g|i x Z is not periodical with period
2, then there exists a vow Z x j such that g|Z x 7 is periodical with period 2.

Y
Proof. If g|i x Z is not periodical, then we can find the configuration B ; using the
. R
RYR YRYRY
adjacent unit squares, we get GBG and alsa BGRGB and so on. Thus we obtain t.hree
YRY RYRYR

periodical lines,

Claim 2. If for one integer ¢, g; = g|Z x i is periodical with period 2, then for every
J €%, g; = g}Z x j has period 2. The values of g; are the values of g; if { == J (mod 2)
and the other two values if ¢ 3 7 {mod 2).

Proof. Applying the square rule to the line ...RBRBRB... we get

, ..RBRBRA... ..BRBRB...
Zg;ﬁgg and next ..YGYGY.. or ..YGYGY..
..RBRBR... ..BBRBR...

A similar argumnent holds for the rows below the line Z x 1.

Changing between them 'rows’ and *columns’ we have similar claims. So we can suppose
that the rows are periodical with period 2 and ¢(0,0) = R, g(1,0) = B. Therefore g{y,0) =
= Hyis odd) The row Z x {z} is odd too; hence g(Z % {z}) = {V,G}. From ¢(y,0) =
= flzy) = 9(0,z) we get a contradmtwn
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Test 6

1. Answer: n = 4.
[Solution'of Siarhei Markouski.) It is easy to verify that the subsets My = {8k+1}NM,
= {9k +2,9k+3} N M, Ma = {27k + 5,27k + 6} N M, M, = {14,135, ..., 26,27} satisfy
the coundition.

Now suppose that M s partitioned into k& < 4 subsets satisfying the condiiion. We
may assume that k = 3, so that M = M LI My LI M3, Since | M| = 40, at least one of Mi's
contains more than or equa.l to 14 elements, e.g. |M;] > 14. Let a3 < a3, ... < ay4 be some
14 elements from M,. Consider the numbers

by=au—eay, bh=a—ay, .., ha=oy—aa €M

Nore of b; belongs te M; (otherwise we would have ay, = a; + b, 414,04, 8; € M, contrary
to the condition). Hence b; € Ma U M. So one of Mp, Mz contains at least 7 of b;. Lét for
definitencss by, be, ..., by € My, by being the largest of 5's. Consider the spumbers
‘ C7=b1—b7,63=b]_—bﬁ,EM.
In similar way, neither c; nor ¢ belong to M. Moreover, none of them belongs to A
{otherwise we would have ¢; = by — b; = (@14 — &1} — (@14 — @) = @ — @y, ci+ 8y = a; and ¢,
a1 o; belong to My, contrary to the condition). So both ¢, ¢s helong to M. Let ¢ = cs—er.
Similarly we conclude that ¢ can not belong to any of My, My Ma, a contradiction.
5-10%1 41
3 )
. We claim that o2 and y2 are monotonic, 52 having 2n — L digits, and 32

(Sohition of Alexandr Usnich.) Consider the following numbers: =, =
1

Yn =
having 2n dxglts. Indeed,

o L 25.10%F 410" 41 2010% 1) 5(L0*% 1) 107 -1

= 9 B T T T
= Bl LS Ul 1 = U889

ifn >3 and 22 = 4, 23 = 289;

2‘ . no A2 o
po M 1l 10 1+4(109 1)

= o = 3 +1=11,,1+44..4+1 =1..15..56

2n n 2n

ifn>2.andy,2:¥16

3. (Sclution of Alexandr Usnich.)
ﬂmswer no. : R
¥ we set (1,0) = @ and (2,1) = 5, then the problem is whether we can obtain the

pair (&,3) from the pair (&, b ~ 28) if the first operation is of the type A. That is, in the
coordinales of the basis @, b, whether we can obtain the pair {{1,0),{0,1)) [rom the pair
((1,0),(—2,1)). We now prove that il is not possible,



Denote by ({(@n, bn); (a, da)) the pair oblained on the n-th slep. Let also ((ac, bo}, (¢, do))
be the initial pair. Since the first operation is of the type A, the type of operation performed
on any odd slep is A, while the Lype of operation performed on any even step is B.

. So,

Gont1 = Ogn T 2k2n+1 Cons bzn+1 = by + 2k2n+1fl2n, Can+1 = Cang d2n+1 = d2n:
and
G = Gopers  Don = Bon 1y Con = €an-1 + 2kanGon-1;  don = doney + 2kgnban—1,

where kynps 7 0 # koo are some integers. We claim that Jasa| < [caals [82a] < |d2xl, and
lazea1| > loant1ls (bons1] > |d2nsr|. This is true for n = 0. Let the inequalities hold for
n ='s. Then for n = s + 1 we have |casta] = lepasr + 2k25+,2_a.g,+1f > 2)kgayal * lansgr} —
— |eaart] 2 2azata] — ferer1| > 2lgasga] — [22er3] = {@2041] = Jozesa| (here we uséd that
kyopo # 0. All the other inequalities for n = s+ 1 can he proved similaxly. *

Now, if we obtain the pair ((1;0),(0,1)) on 2n-th step, then 1 ='|ass| < jean| =0—2
contradiction. If we obtain the pair on (2n + 1)-th step, then 0 = |benpal > |danpr| =1 —
a contradiction again.

b) Answer: all pairs ((a,d), (¢, d)), for which

ad —bc=1 o

and
e=d=1 (modd), b=c=0 (mod?2) (2)

The conditions (1) and (2) are necessary (trivial induction).

Now prove that (1) and (2) are sufficient. First note that ((a, b}, (¢, d)) can be obtained
from ((1,0},(0,1)) if and only if {(1,0), (0,1)) can be obtained from ({e, 5), (¢, d}}.

So, let ((a,),(c, d)) be a pair satisfying (1), (2). Consider the following cases.

1) leb| = led], Then from (1) (a, )} = (a,¢) = (d,¢) = (d,8) =1 ( (a,b)
means G.C.D.(a, &) ), hence [a] = |d|, [8] = |¢]. Then from (1), (2) it easily follows
{(a, B), (&, 4)) = ({1, 0), (0, 1)}. That is, there is nothing to do in this case.

2) lab] < |edl. Then inequalities |ef > e}, 15} = |d| car ot held simuitaneously.

a) Let |af < |¢i. Choose n € Z such that [c+2naf < |2, n being ohviously nonzero.
Now perform the operation A with &k =n thus obtaining o' =a, ¥ =5, ¢ =¢+ Zna,
d =d<+2nb. Then o', ¥, ¢, d satisfy (1), (2), and the incquality |¢/| < |a'{. Hence
la'd) = |Be + 1] < |B]- 11+ 1 < ¥ - el + 1, -aad [a](|d] — |F]) < 1..As it follows from
(2), ' #0. Thus |dl < |¥[+1. If || =[¥|+1 theh o' =1, hence || <1, or,in
viewof (2), e'l=1, [¢|=0 and thenfrom (1) |d'|=1. Finally, a'|=1{d]|—-1=0,
/| =0 und we are done. If |d'| < |¥|, we get |d/d'| < |a'¥].

b) Let || < |d]. Then choose n € Z such thal |d+2nb] < [b], n+# 0, and perform
ihe operalion A with & =n obtaining o, ¥, ¢,d as above with || < |¥|. Now we
have |b'¢| =ja'd ~ 11 < o'l |d}+1 < Jo'| - |¥'] + 1. The last equality is sirong since
W #£|¥], |of] #0 in view (2). Thus |[¥I(|¢'| —|a’]) < |, and |} > {d] > 1, so that

e} < la'f, and we have again |c/d'j < |a'V].

In case [¢/d’| = |a’¥| there is nothing to do. In case 3)|c¢/d'} < la't'| we proceed similarly
as in case 2), the operation being used is of type 5. Centinuing the process, we get on
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some step |¢/d’| = |2't], and al this moment we have that the pair ({a’,8), (¢, d)) is
{(1,0},(0,1}). Thus the assertion is proved.

Test 7
1. (Solution of Aliaksandr Kirkouski.) Set m = i, n = —b—, k= —:1— Then the
requirec(i inequality becomes ! 7 W vz
3(m® + n® + B (5 + 47 + 2°) = (ma + ny + k2) (1)
Note that
3(m® 4+ n® + B%) = (12 + 12 4+ 1) (m® 4 n° + £%) > (m¥2 4 n®/% 4 B2 (2)

by the Cauchy-Schwarz-Buniakovski inequality.
Applying the Holder inequality

(mP +nP + B)P(2? ¢ + 2 > ma Loy = k2
with p=2/3, g =1/3 (1/p+1/g = 1) and cubing both sides, we get
(m3/2 +n® k3/2)2(13 +y* + 2% > (ma 4 ny + kz)a. (3)

Multiplying (2) and (3) we have the required inequality (1).

2. {Solution from the IMO-9¢ Shortlist.) Let M be the midpoint of the arc BC (see
the Fig.). It is a known result {otherwise easy
to prove) that triangle M0, B is isosceles

. with MOy = M B. Therefore M0 = MB =
= MC = MO, where O is the incenter of the
triangle ABC. In the same way, A, 01, 0, C
are on a circle with center N, the midpoint
of the arc AC. Let P be on {2 such that
CP || MN and T be the second intersection
of OP with . Then MO = MC = NP and
MP = NC = NO, therefore MPNO I8 a
parallelogram. [t follows that S{MPT) =
= S(NPT), whence MP - MT = NP - NT.
Thus NC' - MT = MC - NT, which shows
that NT : N0, = MT . MO,. But then

ANOYT ~ AMO,T (because LONT = LXNT = L XMT = LOWMT), LNTO, =

=L MTOy, tOY X0y = LMTN = L 0,10, therefore Lhe quadrilateral X (0; 0T is cyclic.

This proves that the circle {X0;02) passes through the fixed T for any position of X.

3. (Solulion from the TMO-99 Shortlist.) A& game with n players is deterrninated by
ordering the N = () transpositiens (¢,7) of the set {1,...,n} : f1...., ty. The game is nice
if the permutation P = ty 0 ,..01% o %; has no fixed point and it is tiresome if P is the
identity.
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Claim 1, There exists a nice garne with n players if and only if n # 3.

fn = 3 and the players are denoted such that & = (a,d), t2 = (a,c), t3 = (b, c}, then
P = ity = (a,¢) has a fixed point. .

For every n and the changes made in the order (1,2), {1,3),..., (1,2), (2, 3), (2:4),-,
(2, 7) s, (0 — 1,n) we get, using induciion

P=(n-1n)n—2n)(n—2n-1)..(2,3)(1,n)1n— 1) (1,3)(1,2) =
2 3 . won o
=(n n-—1 .. n—z+2 )( )-=

12
“ln n-1 .. n—z+1 1

and, for n = 2k, we have no fixed point: 1 # 2k — ¢ + 1.
For n =2k + 1, k = 2, prolong the previcus ordering by '

(1,26 +1), (2,2 + 1), o, (k, 2k + 1), (2k, 2k + 1), (26 — 1,2k £ 1),..., (k + 1,2k +1) ¢

P = (k41,2 + 1)...(2k, 2% + 1)(k, 2k + 1)...(1, 2k + 1)(2k — 1,2k)...(1,2) =
_(1 2 .. k=1 kB k¥l kE+2 .. 2 2k+1)0

2 3 .. k 2% 2%+1 k+1 .. Zk— 1
12 k=1 F k41 . 28
2% 2%-1 .. k+2 k+1 k.. 1 )7
VL2 L RSL k ktl B2 . 2% 2%+
2k—1 2k-2 .. k41 2+1 2% k.2 1

has no fixed points (k4 1'# 2k because k # 1).
Claim 2. There exists a tiresome game with n players if a.nd only n'=4k or n = 4k +1.
Indeed, the signatire of the permutation P is equal to (—1){(2) and thus » must be 4k
or 4k % 1. If n'=4 we have the solution:

(3,41, 32 42, 3)(L, 41,2 = id | ™
Between, two groups of four players we choose the partial game:
(4,7)(3,7)(4,6)(1,6)(2,8)(3, 8)(2, 7)(2,6)(4, 5)-

L4, )1, (L, 83, 5)3,6)(2, 5)(1,5) = id T

With (1) and (2) we can build a tiresome 4k-game: divide the 4k players into &k groups,
cach of them containing 4 players; then play the game (1) inside each group and the game
(2) between any two different groups, in an arbitrary order.

An identity 4k + I-game can be obtained from a 4k-game by mqertmg in each block of
moves of type (1) the transpositions with 4% + 1 such that the block is not disturbed:

[(3,5)(3,4)(4, 5)1(2, 3)(2, 4)(2, 3)(1, 4){(1, 5)(1 2)(2 5)] =
= (3,4(1,8)(2,4)(2,3)(1,4)(1,2) =

40




Test 8

1. (Solution of Alexandr Usnich.) Let AB = AC = BD =p, PC = e, PD = b B
be the circumradius of A ABP. Then BP = p—5b, AP = p — a. By the power-of-a-point
theorem, PP - DB = DO? — B2, or bp = DO? — R, Similarly, ap = CO? — R%. Tt follows
that DO* — C0* = p(b — a). Since A ABD is isosceles (A8 = BD), we have DI = Al
In similar way, C'I = BI. TFurther, f T i is the point of tangency of AB and the mcm:]e of
A ABP, then

p+ip—o)—(p—5) p+b—=a _p+lp—b—(p—a) pta-b
5 = 5 and BT = 5 = 3 .

AT =
Naw
POl = AP — B = (AT + T — (BT + T1% = AT? - BT? =

= (AT —~ BT)(AT + BT) = p(b—a),

whenee DO? - 00O = DI? - CT12

Note that the locus of points X satisfying the equation DX? - CX? = const # 0 is the
couple of straight lines, each perpendicular to C'D. One of the lines intersects the segment
C'D at some inner point Xg, the other intersects the line C'D outside the segment CD at
some point Xj, We have to show that O and I lie on the same line. For this to be done
we begin to move the point C continuously keeping AC = p till the moment when ABCD
becomes symmetric {i.e. ABC D becomes an equilatera! trapezoid). At this moment O and
I lie on the same line passing through the midpoints of AB and CD. Hence in the initial
guadrilateral the points O and I lie on the same line, s0 O and DC are perpendicular.

2. (Solution from the IMO-99 Shortlist.) We use the following

Lemma. X a,c € N and a?|c® + 1 then there exisis b € N such that o®(a® + 1)[8% 4+ 1.

Proof. Indeed a®|{c + a’c — 2%} + 1 and a® + 1l{c + a*c — a™)® + 1, s0 we can take
b=c+atc—~ad

Using the lemroa we sec that it is enough to find strictly increasing sequences (an)
and (ea) such that aZ|c2 + 1 for every n € N. This can be realised by taking for instance
an =2+ 1, ¢, = 2"*_ In this case

E+1=2"F+1=(a. - 1)* +1
is divisible by a2.

3. Set flz,y) = 2* — zy + y°. Suppose thal such a partition exists; let A4, /3, be the
subsets of the partition.

Lemma 1. If z = y + z for somc positive integers 3, Y, z, then z,y, z can not belong to
three different subsets.

Indeed, let x € A,y € B,z € C. It is easy to verify the identity f(o + 5, a) Sla +
+ b, b). Heme, flz,y) € C, a.nd on the other hand, f{z,9) = fly + z,y) = fly + z,2) =
= f(z,2z) € B, a contradiction.

Now, let for definiteness 1 € A, b < ¢ be the minimal clements in 8 and ', respectively.
Then we have 1,...,6—1 € A
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Lemma 2. The subsel ' contains some multiple &b of b (£ > 2).

There i3 nothing to prove if ¢15. Let ¢fb. Consider b — I elements ¢ — r, where r =
=1,...,6—1. Since ¢ is minimal in C, we have ¢ —r ¢ C. Further, c—r € B, otherwise we
getr+{c—r) =¢, where r € A,c —r € B,c € C, contrary to lemma 1. Thus c—r € A,

Since ¢/b, among the elements ¢ — 1,...,¢ — (b — 1) there is one which is a multiple of &
¢ —r =nb. Hence, f(nb, b) € €' is a multiple of b iz €, and lemma 2 is proved.

Let now kb be the least multiple of b containing ia C. Then (k — 1)b ¢ C. Further,
{(k—1)b & A, otherwise {(k — 1}b + b = kb, contrary to lemma 1. Hence, (k —1)b € B.

Lemma 8. For any positive integer n we have (nk —1}b+ 1€ A and nkb+1 € A

We use induction on n. Let n = 1. Then (k—1)b+1 ¢ C,since 1 € A,(k—1)b € B.
Also (k—1)o+1 ¢ B, since b— 1+ ((k—1)b+1) = kb, and b—1 € A, kb € C. Hence,
(k~-1)b+1 € A Now, kb+1 & C, since kb+1 = (k—1)b-+1+b, and (k--1)b+1 € A,b € B.
Finally, %0+ 1 € B, since kb € ' and 1 € A. Hence, kb + 1 € A.

Suppose that ((n~1)k—1)b+1 € A and (n—1)kb+1 € A, We have (nk—1)631 ¢ C,
since (nk—1}b+1 = (n—1)kb+1+(k—1)b, and (n—1)kb+1 € A, (k—1)b € B. Further,
(nk—~1)b+1 ¢ B, since (nk—1)b+1={(n— 1Dk — 1)b+ 1+ kb, and ((n — 1}k — 1)b+
+1e Akbe C. So, (nk—1)b+1 € A Now, nkb+1 € C, since nkb+4-1 = (nk—~1)b+1+5,
and (nk—1)a+1¢€ A, b€ B. Also, nkb-+1 ¢ B, since nkb+1 = (n — 1)kb+ 1 + kb, and
(n—1)kb+1€ A, kbe C. Hence, nkb+ 1 € A. Lemma 3 is proved.

Now, to obtain the desired contradiction, consider the numbers k6 +1 € A and kb € C.
We have f(kb+1,kb) € B. Bul f(kb+1,kb) = f(kb+1,1) = (kb +1)? = (kb+ 1)+ 1=
= kb(kb+1) + 1 = mkb+ 1 for m = kb+ 1. Then by lemma 8 mkb+1 ¢ A.

Thus the statement is proved.

42




List of Symbols

[x] — the greatest integer not exceedmg X

X} =x-[x]

f: L — K— afunction /is defined on the set L and takes its values in the set K
| M| — the number of elements of a finite set Af

biaoral|b— bis divisible by a

Sp, S(P) — the area of the figure P
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